We analyze the anomalies of superconducting state (s and d-wave pairing) in a simple model of pseudogap state, induced by fluctuations of short -range order (e.g. antiferromagnetic), based on the model Fermi surface with "hot patches". We derive a system of recursion relations for Gorkov's equations which take into account all diagrams of perturbation theory for electron interaction with fluctuations of short -range order. Then we find superconducting transition temperature and gap behavior for different values of the pseudogap width and correlation lengths of short -range order fluctuations. In a similar approximation we derive the Ginzburg -Landau expansion and study the main physical characteristics of a superconductor close to the transition temperature, both as functions of the pseudogap width and correlation length of fluctuations. Results obtained are in qualitative agreement with a number of experiments on underdoped HTSC -cuprates.
I. INTRODUCTION.
The pseudogap state, observed mainly in the underdoped region of the phase diagram of high -temperature superconducting (HTSC) cuprates, leads to a wide range of anomalies of physical properties of these system both in normal and superconducting states [1] . There are two main theoretical scenarios to explain these anomalies. The first is based upon the model of Cooper pairs formation already above the temperature of superconducting transition [2] [3] [4] with phase coherence appearing only for T < T c . The second assumes that the pseudogap state is induced by fluctuations of antiferromagnetic (AFM) short -range order which exist in the underdoped region of the phase diagram [5] [6] [7] . Recently a number of experiments appeared which rather convincingly favor the second scenario [8, 9] .
Most theoretical papers in the field are dedicated to the study of the models of the pseudogap state in normal phase for T > T c . In Refs. [10, 11] we proposed a very simple (toy) exactly solvable model of the pseudogap state, which assumes the existence of certain "hot" (flat) patches on the Fermi surface. Within this model we derived the GinzburgLandau expansion for different types of Cooper pairing [10] and studied the anomalies of superconducting state for T < T c [11] induced by fluctuations of AFM short -range order. In these papers we dealt with (over) simplified model of static Gaussian fluctuations of short -range order with infinite correlation length, which allowed us to obtain an exact analytical solution for the pseudogap state. In real systems the correlation length of AFM fluctuations is finite and relatively short [6] . The main aim of the current paper is to generalize the main results of Refs. [10, 11] to the case of finite correlation lengths of fluctuations of AFM short -range order and to analyze the dependence of the main physical characteristics of the superconducting state on this correlation length, as well as on the effective width of the pseudogap.
II. MODEL OF THE PSEUDOGAP STATE.
We consider the simplified model of the pseudogap [10, 11] based upon the picture of well -developed fluctuations of AFM short -range order and is in some respects close to the "hot -spot" model of Ref. [6] . We assume the Fermi surface of two -dimensional electronic system as shown in Fig.1 . In fact such a Fermi surface was observed in a number of ARPES -experiments on HTSC -cuprates [12, 13] . Note that the assumption of the flatness of these patches is non crucial for our model, but significantly simplify calculations, which, in principle, can be done also in more realistic "hot-spot" approach with apparently similar results. The model Fermi surface as in Fig.1 has already been applied to HTSC -cuprates in Refs. [14] [15] [16] , where the details of microscopic criteria for the existence of antiferromagnetic and superconducting phases were analyzed. Here we just assume a kind of phenomenological model with static Gaussian fluctuations of short -range order with correlation function (structure factor) of the following form [5] :
where ξ -is correlation length of fluctuations, while the scattering vector is taken to be Q x = ±2k F , Q y = 0 or Q y = ±2k F , Q x = 0, anticipating that these fluctuations are incommensurate. The factorized form of (1) was first introduced in Ref. [5] and leads to great simplification of all calculations. At the same time we stress that in practice it practically coincides with the usual isotropic Lorentzian in the most important region of |q − Q| < ξ −1 [7] . Less justified physically is the assumption of the static nature of fluctuations which can be reasonable only at high enough temperatures [6, 7] . At low temperatures, including the superconducting phase, spin dynamics can be very important, e.g. for the microscopics of Cooper pairing according to the picture of "nearly -antiferromagnetic" Fermi liquid [17, 18] . However, we assume that our static approximation can be sufficient for qualitative analysis of the influence of superconductivity upon superconductivity, which will be described below within the standard BCS -like approximation.
Let us write down the interaction of electrons with AFM fluctuations in the following form:
where W is determining the energy scale (width) of the pseudogap. We assume that only electrons from the flat ("hot") of the Fermi surface interact with AFM fluctuations, so that W is effectively non zero only for these electrons [10, 11] . Note that we completely neglect the spin structure of interaction which can be rather easily taken into account [6] , but makes calculations more cumbersome. In this sense, strictly speaking our discussion is more appropriate for the case of electrons interacting with fluctuations short -range order of CDW rather than SDW (AFM) type. We also assume that this simplification is relatively unimportant for the analysis of qualitative effects of pseudogap on superconductivity. The factorized form of the correlator (1) and of interaction (2) leads to the one -dimensional nature of scattering on fluctuations. In the limit of infinite correlation length ξ → ∞ this model acquires an exact solution [10, 11, 19] . For finite ξ we can construct "nearly exact" solution [7] , directly generalizing the one -dimensional approach proposed in Ref. [20] . In this case we can (approximately) sum the whole diagram series for one -particle Green's function of electrons from the flat parts of the Fermi surface (where the "nesting" condition for the electronic spectrum ξ p±Q = −ξ p is satisfied).
For the contribution of an arbitrary diagram for the self -energy of an electron of the N-th order in (2) we use the following Ansatz [7, 20] :
where κ = v F ξ −1 (v F -Fermi velocity), k j -is the number of interaction lines surrounding the j-th (from the beginning) electronic line in diagram, ε n = 2πT (n + 1/2) (in the following we write expressions for the case of ε n > 0). Thus the contribution of an arbitrary diagram is determined, in fact, only by some set of integer numbers k j . An arbitrary diagram with intersections of interaction lines is seen to be equal to some diagram without intersections and the contribution of all diagrams with intersection can be taken into account with the help of some combinatorial factors v(k j ), attributed to interaction lines on diagrams with no intersections [20, 7, 6 ]. In the model of incommensurate fluctuations which we only consider:
As a result we obtain the following recursion procedure (continuous fraction representation) to calculate the one -particle Green's function G(ε n p) of electrons from "hot patches" [20, 7, 6] :
Diagrammatically this procedure is shown in Fig.2 . Ansatz (3) for the contribution of an arbitrary diagram of the N-th order, in general case, is not exact [7, 21] . However, in two -dimensional case we can explicitly demonstrate the topologies of the Fermi surface when (3) becomes exact [7] , for the general case we can show [7] that this representation in some sense overestimates the role of finiteness of correlation length ξ in the given order of perturbation theory. For one -dimensional case, when this problem is particularly serious [7, 21] , it appears that for incommensurate fluctuations calculations of the density of states using (3) quantitatively almost ideally reproduce [22] the results of an exact numerical solution given in Refs. [23, 24] 1 . In the limit of ξ → ∞ Ansatz (3) reduces to an exact solution of Ref. [19] , while in the limit of ξ → 0 for the fixed value of W it describes the physically correct limit of free electrons.
Outside "hot patches" electrons in our model do not interact with fluctuations and the Green's function remains a free one:
This model leads to non Fermi -liquid like behavior of the spectral density on "hot patches" and to the smeared pseudogap in the density of states (cf. similar results in "hot spots" model [6, 7] ). On "cold" parts of the Fermi surface we just get the usual Fermi -liquid (free electron) behavior.
III. GORKOV EQUATIONS FOR A SUPERCONDUCTOR WITH PSEUDOGAP.
In Refs. [10, 11] we have analyzed the anomalies of superconducting state in an exactly solvable model of the pseudogap state induced by AFM short -range order fluctuations with infinite correlation length (ξ → ∞). In particular, in Ref. [11] it was shown that AFM fluctuations may lead to strong fluctuations of superconducting order parameter (energy gap ∆) breaking the standard assumption of self -averaging gap [25] [26] [27] which allows independent 1 In the case of one -dimensional problem with commensurate fluctuations Ansatz (3) does not describe a certain weak Dyson -type singularity of the density of states near the center of the pseudogap [23, 24] , while outside the region of this singularity it also gives rather good quantitative description of exact results. Note that in two -dimensional case Dyson -singularity, most probably, is just absent.
averaging (over configurations of the random field of static short -range order fluctuations) of the order parameter ∆ and different combinations of electronic Green's functions, entering the basic equations of the theory. Usually, the possibility of such independent averaging is supported by the following argument [25, 27] : the value of ∆ changes on characteristic scale of the order of superconducting coherence length ξ 0 ∼ v F /∆ 0 of BCS -theory, while Green's functions typically vary on much shorter lengths of the order of interatomic distances. Naturally, the last assumption becomes wrong if a new length scale ξ → ∞ appears in electronic system. However, in case of AFM correlation length ξ ≪ ξ 0 (i.e. when AFM fluctuations correlate on distances much smaller than the size of Cooper pairs) the selfaveraging property of ∆ remains, being broken only for ξ > ξ 0 . For this reason all our analysis below will be done assuming the self -averaging nature of the energy gap, allowing us to use the standard approach of the theory of disordered superconductors (mean -field approach in terms of Ref. [11] ). Thus, we temporarily put aside the very interesting problem of superconductivity in the absence of self -averageness of the order parameter. Note that in real HTSC -systems we, in fact, usually have ξ ∼ ξ 0 , so that these materials are in the region of parameters most difficult for the theory.
Similarly to Refs. [10, 11] we assume that superconducting pairing is due to the following simplest attraction potential:
where φ is the polar angle determining the direction of electronic momentum p in highly conducting plane, while for e(φ) we take the simple model dependence:
The attraction constant V is, as usual, non zero in some shell of the width of 2ω c around the Fermi level (ω c -is characteristic frequency of the quanta responsible for electron attraction). In this case superconducting gap takes the form:
In the following for brevity we shall denote gap simply as ∆ instead of ∆(φ) writing down explicit angular dependence only where it is necessary. In the superconducting state perturbation theory over the interaction with AFM fluctuations (1) has to be built on "free" normal and anomalous Green's functions of a superconductor:
In the model with flat patches on the Fermi surface the electronic spectrum on the patches orthogonal to p x is: ξ p = v F (|p x | − p F ) as electron velocity v is perpendicular to p y (everything is symmetric for patches orthogonal to p y ). Thus, in the case of s-wave pairing, when ∆ is independent of the direction of electronic momentum, for the model interaction (1), (2) the problem becomes one -dimensional. In case of d-wave pairing situation is more difficult as even on the flat patches orthogonal to p x the value of ∆(φ) depends on p y (and symmetrically on patches orthogonal to p y ). For this reason, in the analysis of d-wave pairing it is convenient to introduce instead of (1) the fluctuation correlator of the form
In this case interaction does not change p y or p x on flat patches orthogonal to p x or p y and the problem again reduces to one -dimensional. Now we can formulate an analogue of approximation (3) also for superconducting state. Some details of derivation are given in the Appendix A. The contribution of an arbitrary diagram of N-th order over interaction (2) to normal or anomalous Green's function is given by the product of N + 1 "free" normal G 0k j or anomalous F + 0k j Green's functions with renormalized frequencies and gaps (cf. below). Here k j -is the number of interaction lines surrounding the j-th (from the beginning of the diagram) electronic line. As in normal phase, the contribution of an arbitrary diagram is defined by the set of integers k j and each diagram with intersection of interacting lines is equal to a certain diagram of the same order without intersections. Thus again we can use only diagrams without intersections of interaction lines accounting diagrams with intersections by the same combinatorial factors v(k) (attributed to interaction lines) as in the normal phase. As a result we obtain diagrammatic analogue of Gorkov equations [28] shown in Fig.3 . Accordingly we get a system of two recursion relations for normal and anomalous Green's functions:
and we introduced renormalized frequencyε and gap∆ as:
similar to those appearing for superconductors with impurities [28] .
From (12)- (15) it is easy to obtain the system of recursion relations for real and imaginary parts of normal Green's function, as well as for anomalous Green's function:
Let us introduce the following notations:
Then we can see that recursion relations for J k and f k just coincide, so that J k = f k . Finally we obtain the following system of recursion relations for J k and R k :
Then the normal and anomalous Green's functions of a superconductor are determined through R 0 and J 0 :
and represent the complete sum of perturbation series for electron in a superconductor interacting with AFM short -range order fluctuations.
IV. CRITICAL TEMPERATURE AND TEMPERATURE DEPENDENCE OF THE GAP.
Energy gap of a superconductor is determined by the equation:
On the flat parts of the Fermi surface the anomalous Green's function is defined by (19) and recursion relations (18) . On the rest ("cold" part) of the Fermi surface the scattering on AFM fluctuations is absent (in our model), so that the anomalous Green's there function is given by (10) . As a result, for the case of s-wave pairing, with the account of (8), the gap equation (20) takes the form:
where λ = V N 0 (0) is dimensionless coupling constant of pairing interaction (N 0 (0) -free -electron density of states at the Fermi level ),α = 4α/π, where α is the angular size of a flat patch on the Fermi surface (cf. Fig.1 ). In numerical calculations below we, rather arbitrarily, chooseα = 2/3, i.e. α = π/6, which is close e.g. to the data of Ref. [12] . In case of d-wave pairing we have to take into account the angular dependence of the gap (9) , so that Eq. (20) becomes:
In Fig.4 we show the calculated (from Eq. (21) 
where an "effective" size of flat patches on the Fermi surface is defined as:
Calculated dependences of T c on the width of the pseudogap W and correlation length (parameter κ = v F ξ −1 ) are shown in Fig.5 (T c0 -transition temperature in the absence of pseudogap).
The general qualitative conclusion is the same as in Refs. [10, 11] : pseudogap suppresses superconductivity due to a partial "dielectrization" of electronic spectrum on "hot" parts of the Fermi surface. This suppression effect is maximal for κ = 0 (infinite correlation length of AFM fluctuations) [10, 11] and weakens as correlation length becomes shorter. These results are in full accordance with experimental phase diagram of HTSC -cuprates.
Let us stress once again that all our results are valid in case of self -averaging superconducting order parameter (mean -field approach of Ref. [11] ), which is valid for not very large correlation lengths ξ < ξ 0 , where ξ 0 -is superconducting coherence length (the size of Cooper pairs at T = 0). For ξ ≫ ξ 0 important effects due to non self -averaging gap fluctuations appear, leading e.g to characteristic "tails" in temperature dependence of the average gap for T c < T < T co [11] .
V. COOPER INSTABILITY. RECURRENCE PROCEDURE FOR THE VERTEX
PART.
It is well known that the critical temperature can also be determined from Cooper instability of the normal phase:
where the generalized Cooper susceptibility is defined by the graph shown in Fig.6 . Here we have to calculate the "triangular" vertex part accounting for interaction with AFM fluctuations. For the similar one -dimensional problem (and for real frequencies T = 0) the appropriate recurrence procedure was formulated in Ref. [29] . For our two -dimensional model this procedure was used in Ref. [30] to calculate optical conductivity. Generalization to Matsubara frequencies is rather straightforward. Below, for definiteness, we assume ε n > 0. Then we obtain:
where
To find T c we have to know the vertex part at q = 0. ThenḠ k = G * k and the vertex Γ k becomes real, which considerably simplifies (26) . Using notations similar to (17) , from (5) and (26) we get:
while for R k and J k we have recursion relations given by (18) with ∆ = 0. There exists the following exact relation similar to the Ward identity (the proof of this relation will be given below):
Numerical analysis fully confirms this relation, demonstrating the self -consistency of our recursion relations for one -particle Green's function and vertex part 2 . As J 0 (∆ → 0) coincides with J 0 in normal phase, the relation (28) leads to T c -equation obtained from Cooper instability (25):
being the same as Eq. (23), obtained by linearization of the gap equation, despite seemingly different recursion procedures used to obtain these equations.
VI. GINZBURG -LANDAU EXPANSION.
In Ref. [10] we derived the Ginzburg -Landau expansion in exactly solvable model of the pseudogap with infinite correlation length of AFM fluctuations. Here we generalize these results to the case of finite correlation lengths.
Let us write the Ginzburg -Landau expansion for the difference of free energies of superconducting and normal state in the following form:
where ∆ q -is the amplitude of the Fourier -component of the order parameter ∆(φ, q) = ∆ q e(φ).
Now (30) is defined by diagrams of loop -expansion for the free energy of an electron in the field of fluctuations of the order parameter with small wave -vector q [10] . We express the coefficients of Ginzburg -Landau expansion as:
where A 0 , C 0 and B 0 denote the standard expressions for these coefficients in the case of isotropic s-wave pairing:
Then all the anomalies of the model under consideration, connected with the appearance of the pseudogap, are contained in dimensionless coefficients K A , K C and K B . In the absence of pseudogap all these coefficients are equal to 1, only in case of d-wave pairing we have K B = 3/2. Thus for d-wave pairing we shall appropriately normalize K B , giving numerical results forK B = 2/3K B . Consider the generalized Cooper susceptibility shown in Fig.6 .
Using (28) we can express the coefficients K A and K C as:
Situation with coefficient B, in general case, is more complicated. Important simplifications appear if we limit ourselves in the order of |∆ q | 4 , as is usually done, by considering only the case of q = 0. Then the coefficient B can be determined directly from the anomalous Green's function F , for which we already have the recurrence procedure (18), (19) . Let us consider the diagrammatic expansion of the anomalous Green's function, shown in Fig.7(a) . From this it becomes clear that:
which, by the way, immediately proves (28) (use also (19) ). Thus, for the two -particle loop χ(0, 0) we get:
For the "four -tail" diagram of Fig.7(b) , determining the coefficient B, in the same way we obtain:
where J 0 (∆) is defined by the recursion procedure (18) . Finally, for the dimensionless coefficient K B we have:
These expressions allow direct numerical calculations of the coefficients K A , K C , K B . In Fig.8 , for example, we present the calculated dependence of K C on the width of the pseudogap W and correlation length of AFM fluctuations (parameter κ = v F /xi −1 ). The appropriate dependences of K A and K B are qualitatively quite similar. In particular, for κ = 0 we have just K B = K C [10] .
VII. PHYSICAL PROPERTIES OF SUPERCONDUCTORS WITH PSEUDOGAP.
Ginzburg -Landau expansion defines two characteristic lengths of superconductors: the coherence length and penetration depth of magnetic field.
The coherence length for given temperature ξ(T ) determines the characteristic scale of inhomogeneities of the order parameter ∆:
In the absence of the pseudogap:
where ξ 0 = 0.18v F /T c . In our model:
The dependences of ξ 2 (T )/ξ 2 BCS (T ) on the width of the pseudogap W and correlation length of fluctuations (parameter κ) for the case d-wave pairing are shown in Fig.9 . Note that the changes of coherence length are relatively small.
For the penetration depth of a superconductor without the pseudogap we have:
4πne 2 is penetration depth at T = 0. In general case:
Then for our model:
Graphical dependences of penetration depth for the case of d-wave pairing are shown in Fig.10 . Near T c the upper critical magnetic field H c2 is defined via Ginzburg -Landau coefficients as:
where φ 0 = cπ/e is magnetic flux quantum. Then the slope of the upper critical field close to T c is defined as:
Graphic dependences of the slope of the upper critical field
, normalized to the slope at T c0 , on the effective width of the pseudogap W and parameter of correlation length κ for the case of d-wave pairing are shown in Fig.11 . It is seen that the slope for large enough correlation lengths rapidly drops with the width of the pseudogap. However, for short enough correlation lengths we can observe even some weak growth of this parameter for small values of the pseudogap width. For fixed pseudogap width the slope of H c2 significantly grows as correlation length becomes smaller.
Finally, let us consider the discontinuity of specific heat at the transition point:
where C s , C n are specific heats of superconducting and normal states, Ω -sample volume. For T = T c0 (in the absence of pseudogap, W = 0):
Then the normalized discontinuity of specific heat in our model can be expressed as:
Appropriate dependences on effective width of the pseudogap W and parameter of correlation length κ for the case of d-wave pairing are shown in Fig.12 . It is seen that specific heat discontinuity rapidly drops with the growth of the pseudogap width and grows as correlation length of AFM fluctuations becomes smaller. For s-wave superconductor the dependences of physical properties are quite similar, the only change is in larger scale of W for which the appropriate changes appear, corresponding to larger stability of isotropic superconductors to partial "dielectrization" of electronic spectrum due to pseudogap formation on "hot patches" of the Fermi surface [10, 11] .
Among the physical characteristics, analyzed above, relatively detailed experimental data are available for specific heat discontinuity [8] . In complete agreement with our conclusions, specific heat discontinuity for Bi−2212 rapidly drops as the system moves to the underdoped region, where the width of the pseudogap grows. According to Ref. [8] the width of the pseudogap (our parameter 2W ) changes from the values of the order of 700K for hole concentration p = 0.05 to the values of the order of T c ∼ 100K near optimal concentration p = 0.16 and drops to zero for p = 0.19. A relation between the drop of specific heat discontinuity and the growth of the pseudogap width is clearly observed. Unfortunately, we do not know detailed enough data on concentration dependence of correlation length of fluctuations and appropriate dependences of physical characteristics of superconductors in pseudogap state. Qualitatively it is obvious that correlation length grows as system moves to the underdoped region, so that the drop of specific heat discontinuity is natural also from this point of view.
VIII. CONCLUSION.
In this paper we continued the study of anomalies of superconducting state in the framework of rather crude model of the pseudogap state of two -dimensional electronic system [10, 11] , which is, however, in qualitative agreement with a number of observed anomalies of electronic structure of underdoped HTSC -cuprates. In Refs. [10, 11] we considered rather unrealistic limit of infinite correlation length of AFM short -range order fluctuations, which allowed us to obtain an exact analytic solution. Here we generalized our model to realistic case of finite correlation lengths, taking into account, as in Refs. [10, 11] , all diagrams of perturbation theory on electron interaction with fluctuations of short -range order. Our analysis was performed in a standard (mean -field in terms of Ref. [11] ) approach, assuming self -averaging property of superconducting order -parameter over fluctuations of the random field of AFM fluctuations. In Ref. [11] we have shown that this assumption is not justified in the limit of ξ → ∞. At the same time this assumption is apparently well justified for the case of ξ ≪ ξ 0 (where ξ 0 is the coherence length of a superconductor at T = 0, i.e. the size of Cooper pairs). Thus, we are left with rather complicated task of the accounting of non self -averaging effects for ξ > ξ 0 . We have already mentioned that in real HTSC systems in most cases ξ ∼ ξ 0 , so that effects of non self -averaging superconducting gap, similar to those considered in Ref. [11] , may be very important, leading e.g. to characteristic "tails" in the temperature dependence of the average gap for T > T c and the physical picture of superconducting "drops" of Ref. [11] .
Another serious simplification of our model is the assumption of static (and Gaussian) nature of short -range order of fluctuations. This assumption may be justified only for high enough temperatures T ≫ ω sf (where ω sf -is characteristic scale of spin fluctuations) [6, 7] . Thus, the use of static approximation in superconducting state for T < T c is rather doubtful. However, we think that our simplified treatment allows us to describe most important effects of the changes of the electronic spectrum (due to pseudogap formation on "hot patches" of the Fermi surface) upon superconductivity. The account of spin dynamics inevitably requires to drop the simple phenomenology of BCS model and consider the microscopic nature of pairing interaction. It is doubtful that such a program can be realized in near future. In particular, the problem of summation of all perturbation theory diagrams for the interaction with dynamical spin fluctuations seems absolutely hopeless.
This Let us consider some technical details of derivation of recursion relations for Gorkov equations (12) - (15) . It is sufficient to limit the analysis to consideration of two flat parts of the Fermi surface, orthogonal to p x -axis, which are connected by the scattering vector Q = (±2p F , 0). Then the problem becomes purely one -dimensional as the velocity projection v y = 0 and the linearized electronic spectrum ξ px∓p F = ±v F p x does not depend on y-component of electronic momentum. For brevity in the following we just put v F = 1.
Calculations simplify in coordinate representation [21] , considering the electron propagation if the field of Gaussian AFM fluctuations W (x) = W * (x) (incommensurate case) with correlator:
Then electron propagators corresponding to normal and anomalous Green's functions of a superconductor (10) , take the form:
where σ 3 = 1 for right moving particles, and σ 3 = −1 for left moving particles. Scattering by fluctuations transforms "right" particles into "left" and vice versa. From (A2) it is seen that the particle moving along the path of the length l produces the factor e − √ ε 2 n +|∆| 2 l . During calculation of specific diagrams it is convenient [21] to change integration variables from coordinates of interaction vertices x k to lengths of the paths l k traversed by the particle between separate scatterings, fixing the total displacement x − x ′ . With interaction line connecting the vertices m and n on electronic line we have to associate the factor:
Integration over all l k is performed from 0 to ∞. It is seen that the finite correlation length of fluctuations in a given diagram leads to some "damping" of the appropriate transition amplitude with distance traversed by an electron. The exact treatment of this effect is difficult, but in Ref. [7] we used an obvious inequality:
and replaced the exponential of (A3) by the exponential from the r.h.s. of (A4). This is equivalent to the replacement of correlator of random fields (A1) by similar expression, where in the exponent we just replace the distance |x − x ′ | by the total length of the path traversed by the particle between scattering acts at x and x ′ . According to (A4) this procedure somehow overestimates the effect of damping κ in each diagram of perturbation theory. After such a replacement the diagrams of all orders are easily calculated and precisely reproduce the Ansatz of (3) for the normal phase [21] . We have already mentioned that results obtained in this way, e.g. for the density of states, are in good quantitative agreement with exact numerical simulation of the one -dimensional problem [23, 24] , which gives additional support for our approximation strengthening qualitative estimates of Ref. [7] .
Let us use the same approximation during the analysis of diagrams of perturbation theory in superconducting phase, which are built upon propagators (A2). In this case the role of interaction reduces just to the appearance of additional factor of e −κl k in each normal or anomalous Green's function (A2), surrounded by the given interaction line, or (which is the same) to the addition of κ to ε n + |∆| 2 in the exponential of each Green's function. Making transformation back to the momentum representation it is easily seen that the contribution of an arbitrary diagram of the higher order of perturbation theory is determined by the product of the appropriate number of normal and anomalous Green's functions of the form:
where ε k = ε n + |∆| 2 + kκ, while k -is the number of interaction lines, surrounding the given Green's function. The factor of (−1) k is due to scattering transforming "right" particles into "left" and vice versa. Introducing the renormalized frequency and gap as in (15), we can see that (A5) reduces to the standard form (14) , which completes the justification of our recursion procedure (12) , (15) . 
